Abstract. The purpose of this note is to attach a name to a natural class of combinatorial problems and to point out that this class includes many important special cases. We also show that a simple problem of placing nonoverlapping labels on a rectangular map is NP-complete.
task of placing disjoint labels is a fairly natural question of combinatorial geometry that does not appear to be a special case of any other well known problem.
In light of this discussion, it seems worthwhile to add the problem of compatible representatives to the class of "combinatorial problems that deserve a name," and to investigate heuristics and additional special cases that turn out to have efficient solutions.
Simple special cases. We have noted that the compatibility problem is equivalent to bipartite matching when incompatibility is an equivalence relation. The problem also has a polynomial-time solution when compatibility is transitive. Let B 1 = A 1 , and for j > 1 let
Then the compatibility problem has a solution if and only if B n is nonempty. We can decide this in at most n j=2 A j−1 A j steps. Another noteworthy special case occurs when each set A j contains at most two elements. Then the compatibility problem is equivalent to an instance of 2SAT: We can assume that A j = {v j , v j }; the clauses are (σ j ∨ σ k ) for every pair of literals such that j < k and σ j is incompatible with σ k .
In general, if each A j ≤ k and k ≥ 2, the problem reduces directly to an instance of kSAT in which each literal occurs positively just once. The literals are (j, a) for a ∈ A j , and the clauses are
Conversely, any instance of kSAT with m clauses reduces to the compatibility problem of finding representatives (x 1 , . . . , x m ), with x j a member of the jth clause and with two literals compatible iff they aren't negatives of each other.
The general compatibility problem with finite sets A j can also be reduced to an independent set problem in a natural way. Consider the graph G with vertices (j, a) for a ∈ A j , having edges
if j < k and a is incompatible with b.
Then G has an independent set of size n if and only if the compatibility problem has a solution.
Therefore we obtain simple solutions of the compatibility problem when there is a simple solution to the corresponding independent set problem. One such case occurs when compatibility is a symmetric relation and we have the following condition: If i < j < k and the elements a i , a j , a k are mutually compatible, then (1) every element of A i is compatible with either a j or a k ; (2) every element of A j is compatible with either a i or a k ; (3) every element of A k is compatible with either a i or a−j; and (4) every element not in A i ∪A j ∪A k is compatible with either x i , x j , or x k . In such a case the graph G is claw-free, and we can use Minty's algorithm [7] to find a maximum independent set.
Grötschel, Lovász, and Schrijver [2, Chapter 9] have compiled a survey of cases where the independent set problem is known to have a simple solution.
Another hard case. A very special case of the general mapmaker's problem, alluded to in the introduction, turns out to be NP-complete.
Consider a set of integer points p 1 , . . . , p n on the plane. We wish to find integer points x 1 , . . . , x n with the following properties for all j = k:
(Motivation: Each x j is the center of a 2 × 2 square in which a "label" for point p j can be placed. The label at x j should be closer to p j than to any other point; distinct labels should not overlap.) We will call this the MFL problem, for "METAFONT labeling," because it arises in connection with the task of attaching labels to points in diagrams drawn by METAFONT [5, page 328]. Solutions to the MFL problem can conveniently be represented by showing each point p j as a heavy dot and drawing an arrow from p j to x j for each j; at most four possibilities exist from each of the given points. For example, it is easy to see that a cluster of four adjacent points can be labeled in only two ways:
There is no way to attach a label to the middle point in a configuration like r r r because each of the four positions adjacent to that point is too close to one of the other given points. The MFL problem provides an amusing pastime for people who are sitting in a boring meeting and who happen to have a tablet of graph paper to doodle on.
The general MFL problem is clearly in NP. In order to show that it is NP-complete, we observe first that there are only two solutions to the problem r r r r r r r r namely the two solutions for four-point clusters given earlier, using the same orientation in each cluster. Thus we can construct large chainlike tree networks of four-point clusters,
in which there are only two solutions, "positive" and "negative." This construction provides a way to represent the values of boolean variables in a satisfiability problem.
We can now use Lichtenstein's theorem that planar 3SAT is NP-complete [6] . An instance of planar 3SAT is a set of variables v 1 , . . . , v n arranged in a straight line, together with a set of three-legged clauses above and below them, where the clauses are properly nested so that none of the legs between clauses and variables cross each other. We can always put the clauses into a rectilinear configuration such as
which corresponds to Lichtenstein's "crossover box" [6, Figure 5 ].
We construct an instance of MFL from a given instance of planar 3SAT by representing the vertical legs for each variable as chains of four-point clusters; this guarantees that each variable will have one of two values, corresponding to the common orientation of all its clusters. We can easily stretch out the diagram so that there is no interference betweenrather like the mapmaker's problem because nearby transmitters must not broadcast on the same channel. Simon presents a polynomial-time approximation scheme that is guaranteed to find at least a fixed fraction of the optimum number of compatible channels. This suggests that many useful approximation schemes for other instances of the general compatibility problem might remain to be found.
